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Abstract 
In this paper we use a recently discovered spectral sequence, which calculates the homology of 
the image of certain finite continuous maps, to study first the Euler characteristic of the images of 
such maps and then the homology. In particular we examine the case where the self-intersection 
set of the map is one-dimensional and use this to study the topology of the tangent developable of 
a space curve. 0 1999 Elsevier Science B.V. All rights reserved. 
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1. Introduction 
The purpose of this paper is to use a spectral sequence to investigate the topology 
of images of finite continuous maps. In particular we give a formula for the Euler 
characteristic of the image of such a map in terms of the Euler characteristics of the 
multiple point spaces of the map. When the double point set of the map is a curve, for 
example, when the map is a generic one from a surface to three-space, we shall be able 
to give more explicit information on Betti numbers, etc. These results have applications 
to counting the number of connected components of the complement of the image and 
to the topology of the tangent developable of a space curve. So we have new methods 
of calculating the homology of some surfaces in three-space. 
Recent progress on the Euler characteristic of an image has been made by Izumiya 
and Marar in a series of papers, [9,10]. culminating in [ 111. Their main theorem concerns 
topologically stable Cm-maps. That is, C”’ -maps that do not change their topological 
type if we perturb them slightly. The image of a topologically stable map from a closed 
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surface (a compact smooth manifold without boundary) to a 3-manifold has singularities 
homeomorphic to normal crossings or to cross caps. Izumiya and Marar’s main theorem 
is as follows. 
Theorem 1.1 [ 111. Suppose f : N ---) P is a topologically stable mapping from a closed 
sur$ace to a 3-manifold. Then 
x(W)) = x(N) + y +T(f), 
where x(X) denotes the Euler characteristic of the space X. C(f) is the number of 
cross caps and T(f) is the number of triple points. 
In [lo] they allow topologically stable maps from a closed n-manifold to a (21~ - l)- 
manifold, and show that for 11 3 3 that the same formula for the Euler characteristic of 
the image is true with the number of triple points omitted (triple points are not generic 
for such maps). 
We shall use a spectral sequence that calculates the homology of the image of a 
continuous map to compute Betti numbers and Euler characteristic for images of maps 
where the double point set has dimension at most one. The spaces N and P are allowed 
to be of any dimension, noncompact, with boundary, nonmanifold, etc. From this we 
can deduce all the results in [9-l 11, as well as improve their applications. Furthermore, 
some of our conclusions are stated in terms of homology, not just in terms of the Euler 
characteristic. 
The spectral sequence which is used in proving the theorems was introduced in [4] and 
refined in [2] and [7]. The E’ terms of the sequence have a useful description in terms 
of the alternating homology of the multiple point spaces of the map. This sequence often 
allows a very clear insight into the homology groups of the image and is elementary to 
use, see [2,4] and [6]. 
This paper was written while supported by a grant from EPSRC (Grant number 
GR/K/29227). My thanks to Bill Bruce, Neil Kirk and Ton Marar for helpful conver- 
sations. Thanks are also due to the referee for numerous suggestions to improve the 
paper. 
2. Preliminaries 
In this section we recall the basic definitions needed and prove some results on the 
alternating homology of a curve. 
2.1. Multiple point spaces 
Suppose f : X + Y is a finite and proper map of topological spaces, define the kth 
multiple point space, D”(f), to be the set: 
closure{ (21,. . . , xk) E X” 1 f(xt) = . . = f(xrc), x, # xj for i # j}. 
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Note that the symmetric group of degree k, denoted Sk, acts on D”(f) via permutation 
of copies of X in X”. We define the diagonal of X”, denoted simply by Diag, to be the 
set 
{ (.I., . ~ .x:~ ) E X” 1 :I:, = .I‘,, for some i # j} 
2.2. Alternuting homolog! 
To apply Lemma 2.2 and Theorem 2.4 it is necessary to use cellular spaces. Thus, 
suppose that 2 c Xk’ is a topological space upon which the induced Sk-action is cellular. 
(This means that the action takes cells to cells in 2 and if a group element fixes a point 
of a cell, then it fixes all points of the cell.) Then Sk acts on C, (2; z), the cellular chain 
complex of Z. Define the following functor on chain complexes: 
Alt := c sign(cr)n. 
OE,SI 
(There is no reference to h- in the notation for Alt as it will be obvious which k we are 
referring to.) 
Definition 2.1. The alternating homology of 2, denoted H$‘(Z; iz), is the homology of 
either of the two following isomorphic complexes: 
C’~“(Z;~) := {cE C,(Z;Z) 1 CT.~= sign(rr)r- for all (T E Sk}, 
or 
AltC,(Z;z). 
By tensoring either complex with an abelian group we can define alternating homology 
over different coefficient groups. 
The alternating subgroup of H, (Z; Q) is denoted by Alt H, (2; Q) and is defined by, 
Alt H,(Z;Q) := {c E H,(Z;Q) 1 CJ.C = sign(a)c. for all (T E Sk}. 
If the coefficient group is Q then we have HBLt (2; Q) g Alt H; (Z; Q), for all i. However. 
for the coefficient group Z there is no such isomorphism. 
Let Z” denote the fixed point set in X” of the element g E Sk, and let x”‘“(Z) = 
I,(-I)‘dimqAltH,(Z;Q) d enote the alternating Euler characteristic. 
Lemma 2.2. Assume that Sk induces a cellular action on D” (,f ). Suppose Z is the orbit 
of‘ a connected component of D” (,f). Then, 
k”“(Z) = h C sign(g)y(Z:!). 
<lESL 
provided that each x(Zg) is dejined. 
Proof. The proof can be found in [S]. 0 
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2.3. The alternating homology of D2 (f) and D3 (f) 
In this subsection, suppose that D2(f) is &-cellular and at most one-dimensional and 
that 2 is a path connected component subset of D2(f). Let Orb(Z) be the orbit of 2 
under the natural action of 5’~ on D2(f) and let 0 denote the nontrivial element of 5’2. 
Then 2 is one of the following types: 
(i) Free: The set Orb(Z) contains two disjoint pieces (this implies that 2” = 0). 
(ii) Reflected: The set Orb(Z) is path connected and 2” # 0. 
(iii) Antipodal: The set Orb(Z) is path connected and 2” = 0. 
Note that if Orb(Z) is path connected then Orb(Z) = 2. 
Theorem 2.3. Suppose that Z is a path connected component of D2(f) which is at most 
one-dimensional. Then the alternating homology groups of Orb(Z) are trivial in degrees 
greater than one. The group Hfzt (Orb(Z); Z) ’ f IS ree abelian; the rank, when D2(f) is 
a jinite complex, is given in the table below. The group H$“(Orb(Z); Z) is also given 
below. 
Type of Z Ht’“(Orb(Z); z) HaLt(Orb(Z); Z) g z@ 
Free z p = rank HI (2) 
Reflected 0 p = i(rankHI(Z) frankHo - 1) 
Antipodal z2 P = -;xw 
Proof. The statement that higher alternating homology groups vanish is trivial. The 
statements on the 0th homology group are proved in Lemma 1.6 of [6]. The group 
Hazt(Orb(Z); Z) f is ree as there are no 2-cells and the chain complex C:lt (Orb(Z); Z) 
is free abelian. To calculate the rank of this group when D2(f) is a finite complex we 
may use rational homology. From the fact that the rational alternating homology and the 
alternating homology subgroup of the ordinary rational homology are isomorphic, we 
know that rank 
HfLt (Orb(Z); Z) = dimQ Halt (Orb(Z); Q) = dimQ Alt HI (Orb(Z); Q) 
We now use Lemma 2.2, to find, 
i{x(Orb(Z)) -x(Orb(Z)“)}=~a’t(Orb(Z)) 
= dim Ah Ho( Orb(Z); Q) 
- dim Alt HI ( Orb(Z); Q). 
The results then follow simply from this equality and the description of the alternating 
homology group Alt HO(Orb(Z); Q) (which is trivial if and only if Orb(Z) = 2). 0 
Now consider the triple point space, D3 (f). If D3 (f) is a finite set of points then no 
point lies in the diagonal and the orbits are free. Thus there is a finite set of orbits, each 
comprised of 6 points. Every orbit forms an alternating homology cycle and the set of 
such cycles forms a free Z-basis for H{‘+ (D’ (,f): Z) 
2.4. The imuge computing spectral sequence 
The key to the main results of this paper is the study of a spectral sequence, which 
we call the Image Computing Spectral Sequence (abbr. ICSS). This was introduced in 
(41 as a sequence involving rational cohomology and later appeared in [2] as an integral 
homology spectra1 sequence for algebraic maps between compact semi-algebraic spaces. 
Let NJ+(~) = (1~ E Y such that y has no less than k preimages}. We call these spaces 
the multiple point spaces in the image of f or the image multiple point spaces of .f. 
Theorem 2.4 [7]. Suppose .f : !T - I’ is CI jinite and proper continuous map with .? 
Huusdoti Suppose further ttiut D” ( f’) is Sk-c-e//u/or crnd ;Ilk(f) can he given (1 CW- 
complex .structure ,for all k > I. Then, ,fbr an!! coejjficient group G there exists u spectrul 
.seyuence 
The d@erentiul is induced from the mup ok : D”(f) + D”-’ (f) lvhich discurds the lust 
coordinate of V’“. ‘ 
With the necessary modifications the theorem also works with cohomology in place 
of homology. 
Analytic maps satisfy the conditions of the theorem. Most of the specific examples we 
take will be analytic or topoiogically equivalent to analytic maps and so we can guarantee 
the existence of the spectral sequence. For the other examples it will be obvious that 
multiple point spaces are Sk-cellular. 
Corollary 2.5. Suppose thut euch ,ycrlt (Dk(,f)) is wlell dejined then 
L (f(N) = ~(-l)“+‘y”‘f (D”(f)). 
k 
Proof. The proof comes from a simple fact in the study of spectra1 sequences: when 
defined, the Euler characteristic of the E’ term of the sequence is the same as the Euler 
characteristic of the homology it calculates. 0 
2.5. Codimension one singulurities of maps ,from suq%ces to three-space 
Of particular interest to us are maps from closed surfaces to 3-manifolds. In this situ- 
ation the singularities of the images of stable maps are well known. They are transverse 
crossings and cross caps (the latter are also known as Whitney umbrellas). The transverse 
crossing of three planes will be called a transverse triple point in order to distinguish it 
from the triple point described below. We denote the number of transverse triples points 
of a map f by TT(.f). 
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Fig. 1. Codimension one singularities. Drawn by V.V. Goryunov. 
The simplest nonstable singularities are those that appear in generic one parameter 
families. These are called codimension one singularities. We can find them classified in 
[5]. The list of singularities is the following and they are shown in Fig. 1. 
Mono-Gems. The singularities B and K, these are locally given by 
(2! y) H (x, yy2: y2 zt y"). 
When perturbed both can give rise to two cross caps. 
Bi-germs. There are three of these. The first two arise from tangency of two planes and 
come in an elliptic and hyperbolic version and are denoted by E and H. (The change 
in D2 can be seen as elliptic or hyperbolic.) They can be described in local coordinates 
by 
(2, y; x, Y) H (Lx, y, 0; x, Y> x2 It Y2). 
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The third is the intersection of a cross cap and a plane, denoted C, which can be given 
by 
(.c, y/; x. Y) H (Z y, 0; Y’, XY + Y3. X). 
Tri-gram. This is the nontransverse version of a triple point. This is a plane that is not 
transverse to the line of intersection of the intersection of two other planes. We use 
T to denote the singularity and X’(P) to count the number of such singularities. We 
can describe it locally with 
(.I:. 7J; x, y;:. g/) H ( .I‘. y. 0; x. 0. Y; r. 3. g + 72). 
Quad-germ. This is just an ordinary quadruple point, Q, given by the transverse inter- 
section of four planes: 
-- --- 
(J>&x.Y;:.?J,x,Y) H (r.!/.O;X.O.Y;o.c.~;x,Y.Y+X). 
3. Euler characteristic results 
The ICSS allows us to extend the Euler characteristic result to the case of higher 
dimensional multiple point spaces. 
Theorem 3.1. Suppose that f : N + P satisjies the conditions Qf Theorem 2.4. Then 
Proof. By Corollary 2.5 the Euler characteristic of the image can be given in terms of the 
alternating Euler characteristic of the multiple point spaces. The latter can be calculated 
in terms of the Euler characteristics of the fixed point set by Lemma 2.2. 0 
This generalizes the main theorem of [ 121, where the case of corank 1 finitely A- 
determined map-germs is treated. 
We are now in a position to prove a more general version of Izumiya and Marar’s 
main result in [ 111. 
Theorem 3.2. Suppose thut f : N + P satis$es the conditions of Theorem 2.4. Suppose 
further that D’(,f) is at most one-dimensional and D’(f) is at most zero-dimensional 
(the empty set is considered to be -a-dimensional) and D’ empty Then 
u(f(W) = X(N) + ;(u(D2i/j”) - ~(D’(l.1)) +#G(.f). 
Here (T denotes the nontrivial element qf Sg, and #Al, ( f ) is the number of points in the 
image multiple point space L213( f ). 
Proof. The set D’(f) is a finite set of points and consists of free orbits. As D4(f) = 
8 each orbit corresponds to a point in Al, ( j”) and so u( D” (f)) = 6#M3(f). From 
Theorem 3. I we conclude, 
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X(fW) = X(N) - ; (x(D2(f!) ~ x(D2if)“)) + ;x(D3ii)) 
=x(N) + ; (x(W) - x(D’(f))) + #~f3(f). 0 
From this we deduce Theorem 1.1, Izumiya and Marar’s theorem. 
Corollary 3.3. Suppose f : N + P is a topologically stable map from a closed sqface 
to a 3-manifold. Then 
x(W)) = X(N) + y + T(f). 
The number of triple points in the image (which are all transverse) is denoted by T(f). 
Proof. We easily deduce that D2(f) is a set of disjoint circles and so the Euler charac- 
teristic of D’(f) is zero. The set D*(f)” is a finite set where each point corresponds to 
a cross cap in the image. As for such a map the triples are all transverse and correspond 
to points in n/f2 we have #kfs(f) = T(f). II 
Remarks 3.4. 
(i) The theorem generalizes the main theorem of [ 1 l] since we allow more general 
singularities and spaces, e.g., noncompact spaces. For f : N” + P2”-’ with n > 2 
we allow triple points, which are not allowed in [lo]. The result also generalizes 
the corollary in Section 3 of [ 111, on the topology of the image of manifolds with 
boundary. Note that we do not assume the map is completely semi-regular as they 
do in [I I]. 
(ii) In [3], Goryunov defines local invariants and shows that T and C/2 are local 
invariants for generic maps with N an oriented closed manifold and P = IR3. 
Obviously these are also local invariants for unoriented manifolds. Hence the 
Euler characteristic for generic maps is a local invariant. 
The Izumiya-Marar Euler characteristic result, Theorem 1.1, can be proved in a more 
elementary way. The double point space in N we will denote by D. Then the map of 
pairs f : (N: D) + (f(N). f(D)) is a relative homeomorphism and (N; D) is neigh- 
bourhood deformation retract pair. This implies that the natural map on the homology 
of the pairs induced by f is an isomorphism and thus we get a Barratt-Whitehead long 
exact sequence, 
‘.’ + Hi(D) 4 H+(N) sH,i(f(D)) + Hi@(N)) + H,-,(D) + ‘... 
This sequence gives a relation between the Euler characteristics of the above spaces and 
since the map f : D + f(D) IS essentially a ramified covering of a graph it is elementary 
to calculate the difference x(f(D)) - x(D): We ignore circles in D and f(D) as their 
Euler characteristic is 0. Since f(D) is a graph we can give it a structure such that only 
the triple points and cross caps are vertices. That is, each edge terminates in a triple point 
or cross cap. Then 
x(W)) = C + T - E, 
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where E is the number of edges in f(D), and 
k(D)=C’+3T-2E. 
Since in f(D) each triple point vertex has 6 ends of edges attached to it and each cross 
cap has only one end of an edge attached we get E = (C + 6T)/2 and this provides the 
final result. 
Another method of proving lzumiya and Marar’s theorem for when P = R’ is to 
use the local invariants mentioned above. We can classify closed surfaces and take a 
standard immersion s : N --i R3. In the space of all P-maps we can take a generic 
path connecting .f to this standard immersion and an element of this family of maps 
can have, at worst, codimension one singularities. Now it is easy to calculate that the 
increase in Euler characteristic is equal to the sum of the number of pairs of cross 
caps and the number of triple points. Thus as it is easy to calculate for each L\’ that 
x (s( IV)) = x(N) + T(s) we deduce the result. 
The main advantage of Theorem 3.1 is that we are able to easily generalize Theo- 
rem 1.1. Furthermore, in many cases the multiple point spaces are nonsingular and so 
there many theorems for calculating their Euler characteristic. In this situation the Barrat- 
Whitehead sequence method above is difficult to generalize. It relies on knowledge of 
the singularities of the image and how the preimage of the singular set branches over the 
singular set. To exemplify the ease of generalization of our method we use Theorem 3. I 
to prove a result on maps between 3-manifolds and 4-manifolds. 
Suppose ,f : IV’ + P’ is a topologically stable map from a closed 3-manifold to a 4- 
manifold. Then the multiple points spaces are compact manifolds, with D’(f) a surface. 
The set D’(f) is a curve and D”(f)” 1s a finite set of points for 9 a simple transposition 
in S’i. These points correspond to the transverse intersection of a plane and the set of 
nonimmersive points in the image; we shall denote the total number of these intersection 
points by \I’. If Q denotes the number of quadruple points then D”(f) is a finite set of 
24Q points. The sets D”(f)/ are empty for ,c/ not equal to the identity in ,9x. Obviously 
each D’(f) can be given an Sk respecting cellular structure. 
Theorem 3.5. For u topologically stable map .f’ : ;Vi * PJ. the Euler characteristic of 
the imaRe of f’ is equul to 
u(lv) + ;{ x(D2(f)“) - x(D’(.))} + A{ \c(D’(.f)) - 314.) - Q. 
where cr denotes the nontriviul element of Sz. 
Proof. Follows from Theorem 3.1. q 
Theorem 1.1 can be used to prove results for maps which are not generic. 
Theorem 3.6. Suppose that ,f : N + P is (I mapping from u closed surface to a 3- 
manifold which has, at worst, codimension one singularities. Then, 
y(f(N)) = y(N)+;+T+H+h.+3(2-E. 
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Here T = TT + TC is the number qf transverse and codimension one triple points, C 
is the number of cross caps and E, H, K and Q correspond to the total number of the 
singularities E, H, K and Q for ,f. 
Proof. At each codimension 1 singularity we locally perturb f to produce a stable map, 
f : N + P. The image of f is then homotopically equivalent to the union of the image of 
f and intervals, discs or balls depending on the singularity. For all but Q type singularities 
we can perturb in such a way that we do not introduce any new cross caps or triple points. 
For the singularities B and C we perturb so that there is no difference in the homotopy 
types of the image of f and f, this explains why they do not appear in the formula of 
the theorem. For an E singularity we need to add an interval, for H, T and K we need 
to add a disc. When we perturb Q we add 4 extra transverse triple points and need to 
add a ball to the image of f to produce a space homotopically equivalent to the image 
off. 
Then, 
x(f(N)) =x@(N)) + (-1)‘E + (-l)2(H + TC + K) + (-1)3Q 
=X(N)+ q +TT(j)-E+H+TC+K-Q 
=x(N)+ y +TT(f)+4Q-E+H+TC+K-Q 
=X(N)+ y +T(f)+3Q-E+H+K. 0 
In a similar way, it is possible to use a classification of codimension 2 singularities up 
to topological type to make a statement of Euler characteristic for maps with singularities, 
at worst, of codimension 2. The Barrat-Whitehead method mentioned above would be 
cumbersome in this situation. 
4. Image computing spectral sequence results 
4.1, Degeneration of the spectral sequence 
Calculation of differentials is always an important aim in the study of spectral se- 
quences and so the results in this section prove to be useful. 
At a cursory glance, the ICSS for a continuous map appears to degenerate at E“ if 
Dr+l - - 0, since at this point the differentials become trivial. However, we can prove a 
number of interesting facts about the degeneration of the sequence by restricting the map 
to the set of points in f-‘(Mk). For then we have a whole new set of maps, and hence 
spectral sequences, parts of which are isomorphic to the original sequence. This allows 
us to describe some of the differentials via the degeneration properties of the sequences 
associated to f/f-‘(Mk). 
For a finite and proper continuous map .f : X + Y there exist natural maps 
&y : ok(f) + X given by efi(zi i.. . , CZJ~) = x-1. (The choice of 21 will not make any dif- 
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ference to the following, we can take any xi for 1 < i < k.) Define D-;‘(f) as the image 
of DJ (f) in X under the map E:. This map induces an inclusion Dk(fl 0:) c D”(f) 
for all k and this of course leads to a natural morphism of spectral sequences. 
Theorem 4.1. Suppose f and f ID! (.f) satisfi the conditions of Theorem 2.4. Then, the 
naturul map 
E;., (.f ID: (f)) 4 E;,,(f) 
is LWI isomorphism for p > i,r(,. - I ) + j - 2. 
Proof. The result is proved by induction on r’. 
Initial step. We have D”(fjDf) = D”(f) for k 3 j, see [4, Section 21. Thus, the map 
in the following is an isomorphism for p > j - 2, 
$JflD:) = H;“(D”+‘(flD:)) + H,I’“(D”+‘(.f)) = $,,(.f). 
Inductive step. Assume theorem true for r. In the following the horizontal maps are 
differentials of the respective spectral sequences and the vertical arrows are the natural 
maps, 
q+T.q-r.+l (.f) - E;;.q (.f) - E&+,.-, Cf) 
If p - r’ > ir(, - 1) + j - 2 then the vertical arrows are isomorphisms and so 
E;:‘(flD:) - E,;‘(f) . IS an isomorphism for p > k(r + 1)1- + j - 2. 0 
Theorem 4.2. Suppose that f satiy5e.s the conditions of Theorem 2.4 and that the image 
off has self-intersection set qf dimensiorz less than or equal to 1. Then, 
q+2,om +$,I (.f) 
is an isomorphism for p > 1. Thus we also have 
q=Oandp>3, 
E&(f) = 0 for (I = 1 and p > 1: 
(I > 1 and p > 0. 
Proof. We show that the map Ei+,,,(f ID:) + E& (f IDf) is an isomorphism for p > 1 
because by Theorem 4.1 the natural map I$,(flD~) + E&(f) is an isomorphism for 
p > 1. Henceforth, let Ei,q := E&(flDf). 
As D:(f) is at most one-dimensional we have EA 4 = 0 for all p and all Q > I. This 
implies that the sequence collapses at E’, because the differentials are trivial. As f(Dt) 
is at most one-dimensional the group H,(f(D:)) is trivial for i > 1. 
Due to the nature of the sequence we have 
Es., c H,+I (f(D:)) for P > 0. 
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As the latter group is trivial for p > 0 we deduce that the former is as well. This is turn 
implies in a similar way that 
E& C Ii,(f(D:)) = 0 for y > 1. 
Hence Ei+2,0 + Ei,, must be an isomorphism for p > 1. 
The results for E”(f) also follow from the working above. 0 
Corollary 4.3. Suppose f is us above then the sequence collapses at E” und the E” 
terms of the sequence look like the ,following. 
Hz(N) 
(I E;,,(f) E:,,(f) 
I E,‘,,(f) E:,,(f) E,“.,(f) E&I(~) 
+ I-, 
The other terms are zero. 
4.2. Maps with innocuous singulurities 
Suppose that f : N ---) P is a map which satisfies the conditions of Theorem 2.4. 
Suppose V and W are two spaces with an Sz-cellular action. We say V and W are 
Sz-homotopically equivalent if there is a homotopy equivalence between the two that 
respects the action of S,. In this case V and W have the same alternating homology. 
Definition 4.4. We say f has innocuous singularities (or f is an innocuous map) if the 
following three conditions are satisfied. 
(i) D*(f) is Sl-h omotopically equivalent to a finite set of points or a union of circles 
that intersect in the diagonal. 
(ii) D”(f) is a finite set of points. 
(iii) D”(f) is empty. 
This definition implies that for a path connected component 2 of D2, the orbit of 
2: Orb(Z), is &-homotopically equivalent to W, where W is one of five possible 
types. 
(a) The set W is S2-homeomorphic to a circle with the antipodal action of S2. 
(b) The action of S2 takes W homeomorphically to another circle. 
(c) The set W is a point with the trivial action of S2. 
(d) The set W is a pair of points where the action of S’, is the exchanging of these 
two points. 
(e) 
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The set W is Sz-homeomorphic to a union of circles where the action is reflection 
in a diameter and the intersections of the circles are at the fixed points of the 
action. 
Examples 4.5. 
(1) 
(2) 
(31 
(4) 
Suppose that f : N 4 P is a map from an n-manifold to a (2n - I)-manifold 
with only transverse crossings. Then D2(f) 1s a union of circles and intervals that 
contract to points and D” is at worst a finite set. This gives examples of types (b) 
and (d). 
Smooth maps f : N” + P2+’ locally equivalent to folding maps, i.e., locally 
topologically equivalent to a map. 
(Y ,,.... zn_,>vl) I--t (.T,Y . . . . 2,,-1,W2&l(2,y2) 1.... Yh,-&r,W2)). 
for some C”-functions /r,l(~,y). For this local form D’ contracts homotopically 
onto the diagonal and thus is a set of form (c). 
It is well known that stable singularities of maps f : N” -+ P’+ with M compact 
are transverse intersections or locally equivalent to folding maps with h, = :ri for 
i = 1, . . n - 1. So the main maps studied in [ 1 l] are innocuous. In [ 1 l] they 
allow stable maps from manifolds of dimension 71 to manifolds of dimension 
271 - 1, which means that D2(f) ’ h 1s omeomorphic to a union of disjoint circles 
and D”(f‘) is a finite set of points and D”(f) is empty. 
Manifolds with boundary give examples of spaces that have D2 contracting to 
pairs of points not in the diagonal. 
With the definition of innocuous singularities we include maps that are not stable; for 
example, we could have a line of nontransverse self-intersection in the image terminating 
in a pinch point. We do not distinguish between cross caps and pinch points; under 
topological right-left equivalence they are different since the first is stable and the second 
is not. however their double point spaces are Sz-homeomorphic. 
We shall also see later that the map defining the tangent developable of a space curve 
with nondegenerate zeroes of curvature has innocuous singularities. Note that maps with 
codimension 1 singularities are not innocuous if they have quadruple points. 
We shall now define our basic invariants, A(f). B(f), C(f), T(f). L(f) and I(f). 
Let T(f) = dimAlt&(D’(f);Q). Th’ 1s in effect counts the number of triple points 
whether they are transverse triple points or codimension 1 singularities of type T. 
Let 2 be a path connected component of D2(f). We can divide such components 
into those that have triples associated with them and those that do not. That is when 
we project from D3 to D’ the image of a triple point is in 2 or not. When we define 
the invariants we shall divide some by using this method. We use the subscript T for 
associated with triples and U for untouched by triples. 
We now define the invariants using the classification (a)-(e) given above. 
(a) We denote the total number of antipodal circles by A(f). We subdivide them into 
those that have components projected to by triples and those that do not, call the 
ones with triples AT(~), those without by Aa (f). 
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(b) Count the number of different orbits of loops by L(f) and subdivide into ,5~(f) 
and &~(f). 
(cl These make no difference to the alternating homology so we do not count them. 
(d) These orbits can arise from intervals so we denote them by 1(f) and subdivide 
using the usual subscripts. 
(el Denote the number of circles by B(f). We shall not subdivide them as we shall 
see later that there is no need. 
Suppose that f has innocuous singularities. If (z, Z) is a point in D2(f) and y = f(:~) 
then denote by C,(f) the number of curves of self-intersection in the image of f entering 
the point y. (Note that we are considering curves in the topological sense of half-curves, 
a curve does not continue through the point y.) If y E f(X) is not in the image of a 
point z such that (z, Z) E 02(f) then C,(f) = 0. Denote by C(f) the sum 
c C,(f). 
Ycf(X) 
Examples 4.6. 
(1) For a cross cap point in the image of f : N2 --f P”, C,(f) = 1. If f(N) has only 
transverse crossings or cross caps then C(f) is the number of these cross caps, as 
in [ 1 I]. If N is compact and f is topologically stable then the cross caps occur in 
pairs and C(f) is thus divisible by two. 
(2) For the image of the map from R2 to IR’ 
(Z y) ++ (Lr, y2,2y’ - 23y). 
we have Co(f) = 3. (Note that the set D2 for this example contracts 5’2- 
equivariantly onto the point (0. O).) 
If N is noncompact as in the example above then C(f) is not the same as in [ 1 l] as 
C(f) is not divisible by two. However, we have the following. 
Lemma 4.7. Suppose f is such that the circles in D2( f) intersecting in the diagonal 
are disjoint and there are no other points in the diagonal, for example, f is stable and 
N is compact. Then B(f) = C(f)/2 
We can obviously drop the reference to f in the invariants if no confusion will result. 
4.3. The ICSS for innocuous singularities 
We come to one of the main results in the paper, this is a description of the image 
computing spectral sequence for a map with innocuous singularities. The spectral se- 
quence method is quite simple to use and Theorem 1.1 can be deduced from looking at 
the sequence. Also, one can see the effect of triple points, etc., which is not so evident 
in the proof of Izumiya and Marar. 
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Theorem 4.8. Suppose ,f : N 4 P is a mup with innocuous singularities, then the E’ 
term of the image computing spectral sequence ,for ,f looks like the .fr,llowing. 
II;;” H,, (S) 
The other terms are zero. Statements jbr diflerent coeficient groups can ulso he given LL- 
ing the universal coeficient formula. The alternating cohomology groups are isomorphic 
to the alternating homology ones and so the theorem works for cohomology as well. 
Proof. Since the alternating homology of D’( .f) is a direct sum of the alternating homol- 
ogy of spaces of the form (a) to (e) we can deal with just connected components of these. 
All the calculations for the types except (e) follow trivially from Theorem 2.3. For (e), 
D’(f) is Sz-homotopically equivalent to B disjoint circles that are connected with 1 -cells 
upon which 5’2 acts trivially. Then it is easy to calculate with the Mayer-Vietoris sequence 
for alternating homology that H$“(D’(f)) is the same as the alternating homology of LI 
disjoint circles where the action of S‘, is reflection in a diameter. Thus by Theorem 2.3, 
we have Hy”(D’(f);Z) Z ZB and Ht”(D’(f);Z) = 0. 0 
Remarks 4.9. 
(i) 
(ii) 
(iii) 
It is obvious from the sequence that Hi(f(X);Z) 2 H,(N;Z) for i 3 3 and 
H2(f(N); 2%) ” H*(N; Z) @ IZ’ for some b. It is also obvious that there is only 
one nontrivial differential at E” and that the sequence degenerates at E” since 
the differentials become trivial. If HI (N) = 0 then the differentials at E2 are all 
trivial and b is greater than or equal to Lc; + LT + B. 
The map Ei_, ---f E,‘,,, is induced from the map ~3 : D”(f) 4 D’(f) given by 
dropping one of the coordinates from N x Lv x N. Thus ~3 will only map triple 
points to loops and intervals associated with triple points. So, the image of the 
map E! ,, + El 0 is contained in ;Z’)‘I-+‘T + 24 ’ 
If N is-connectkd then the differential Elm,, + E,!,,, is trivial. Hence, 
Ef o ” E;X, ” zLc-+‘r- c- zfr c- (zL’7’irI $ z2f / im{EA o + Ef,,}). _. 
This is because N connected implies that p(N) is also. Since 
Z” EC-, % E&, “Z/{ im[H~~‘f(D2(,~);iZ) d H~~(N;Z)]} 
the image of the map in the above quotient must be trivial. 
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(iv) Let D be the set of points in f(N) with 2 or more preimages. If f-'(D) c N 
is homologous to zero then the map E,‘,, + EA., is trivial. Since &z(Dk(f)) = 
f-’ (D) is homologous to zero we must have 
&2* : H;lt (D*(f); Z) + H, (IV; Z) 
trivial. 
4.4. Calculating the difSerentia1 dl 
An essential problem to be solved when using the spectral sequence is the calculation 
of E2 and in Theorem 4.8 this involves investigating the differentials 
El,, = HT_‘“(D’(f);Z) --) E;,, = H,(N;Z) 
and 
E;,, = Hft(D”(f);Z) --f E;,. = Ho”‘“(D*(f);Z). 
The former depends on the homology of N and hence we can say nothing too general 
about it. The latter depends on the relation between triples and D’(f) and is calculable 
in most examples. 
Recall from Section 2 that the group H$“( D3 (f); Z) S ZT is generated in 
C~(D3(f);Z), the group of zero chains, by elements of the form Alt(u,b,c), where 
Alt is the operator on the cellular chains C, (D”(f); Z) given by 
Alt := c sign(a)n 
UESi 
and where a, b and c are distinct points of N such that f(u) = f(b) = f(c). 
It is easy to calculate that ~3~ : Ei,o + El,o is such that 
Ed* ( Alt(n, b: c)) = Alt(a, h) + Alt(b, c) + Alt(c, u). 
The elements Alt(a, b), etc., are generators of the subgroup ZLT+IT @ @’ of 
Hf”(D2(f); Z). If points (a, b) and (2: y) in D*(f) are connected by a path, then 
Alt(a, b) E Alt(z, y) in H$‘“(D2(f); Z). Th’ 1s is because for a path e joining (a, b) to 
(x, y) we have 
Zl Alt(e) = Alt(ae) = Alt ((u, b) - (x! 3)) = Alt(u, b) - Alt(z, y). 
Thus we reduce the study of the differentials to a simple problem in linear algebra, via 
the study of the relative positions of (a: b), (b, c), etc., in D2(f). 
Example 4.10. Suppose 2 c D2(f) is a path connected set. If (a, b) is a point of 2 such 
that Orb(Z)” # Q) then Alt(n, b) = 0 in f@“(D2(f); Z) since Alt(u, b) is homologous 
to a point (cc, X) E Diag and Alt(z! X) = 0. 
The next two example show the effect of exchanging a and c in (a, c). 
Example 4.11. If (a, b, ) . c IS a triple point such that (a, b), (b,c) and (~,a) are all 
contained in the same component of an ordinary loop (i.e., not antipodal action) in 
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D*(f) then E-++(Alt(a, b, c)) = 3 Alt(u, b). That is, ~3 * maps the triple point generator to 
3 times a generator of ZL7.. This is because Alt(n. b) 3 Alt(h. c) G Alt(c, n). 
Example 4.12. If (CL b, ) c IS a triple point such that (n, C). (h,c) and (rr. c) are all 
contained in the same component of an ordinary loop in II’ then 
-c3_ ( Alt(a. b. r)) = Alt(cl: 6). 
Essentially this is the same as above, with 
Alt(b. 1.) = Alt(n, c) = - Alt(c.3 0). 
Example 4.13. The double point curve of the map of the projective plane to Boy’s sur- 
face has a single antipodal loop with a triple point, and for this we get E?*(Alt(a, b, c)) = 
Alt(a, h), i.e.. a map to the generator of & in H,“lf (D’(f);Z). 
Example 4.14. A triple point on an antipodal loop has (~1. b) and (0. c) connected by 
a path and (b. c) and (c, U) connected by a path. So Alt(<i, b) G Alt(b, c) G Alt(c. (I), 
giving =j,(Alt(a, b, c)) f 3 Alt(n. b). But 3 Alt(o, 0) - Alt(n. h) mod2. So the map is to 
a generator of & in H~1”(D2(f); Z). 
Maps with triples that lie on different loops in D2 are obviously harder to deal with, 
but the principle is the same. 
4.5. Examples of the ICSS 
We would like to be able to calculate the Euler characteristic by counting salient 
features in the image, such as singularities. Izumiya and Marar’s formula would seem to 
provide this as the formula includes only cross caps and triple points. But it is essential 
that the singularities of the map have a good double point space structure rather than 
the image just being locally homeomorphic to good singularities. The following two 
examples should clarify this point. 
Steiner’s Roman surface R can be given as the image of two different maps. We shall 
describe the image computing spectral sequence for these maps. 
Example 4.15 (Steiner’s Roman surface). Suppose .f is the map f : IMP’ + iR3 given by 
(since .T = y = z = 0 is impossible we have [a, : b : c : 0] $ f(IRP*) so the target of the 
map really is Iw3). See [I, p. 401 for more information. 
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The set D*(f) is just three circles which each intersect the diagonal in two places, 
these crossings correspond to the cross caps in the image. The triple point set is one orbit 
of 6 points. So, the terms of the sequence at E’ are as follows. 
H2”lt 0 
a1t HI z2 z” 
H;lt 7, 0 z 
D’(f) = N D?(f) D”(f) 
The map ~2~ : Z” + & is surjective since each circle in D2(f) maps to a circle in RJP2 
hence to a generator of HI (iTUP*; Z). 
Thus H2(R; Z) = Z4, Ho(R; Z) = Z and zero otherwise. (In fact the space is homo- 
topically equivalent to a wedge of spheres.) 
The surface can be also be given as the image of a nonstable map. First we need a 
lemma. 
Lemma 4.16. A corner of a cube is the image of a smooth map. 
Proof. Let 4 : iR2 --f Iw + be the smooth map given by 
Let rJ be the map that rotates the plane about the origin through ~j/3 radians. Let 
+i =~oT~+$oT~, I&=$oTz+$o~~ and&=dor4+4or,. 
Then each & is a smooth function on the plane that is zero in a region bounded by 
two rays from the origin that are 21r/3 radians apart. The interiors of these three regions 
do not overlap; the overlaps of the closures correspond to edge points of the corner of 
the cube. 
The map h = ($1, $2, $13) gives the corner of a cube. 0 
Example 4.17. The surface R is homeomorphic to the image of a map from S2 to IR’ 
which has 6 points locally homeomorphic to a cross cap point and a singularity which 
is locally homeomorphic to a triple point. The double point set in S2 is homeomorphic 
to the edges of a tetrahedron. The ‘triple’ point is in fact a quadruple point. It is made 
up of four corners of a cube (which is the image of a smooth map by Lemma 4.16) 
and the pinch points are locally the image of the smooth map (ZZ. y) H (x,g2, r2y). For 
this map D2 is a collection of 6 disjoint intervals that each have a point in the diagonal 
of S2 x S2. These intervals can be retracted equivariantly onto the diagonal and so the 
alternating homology for D2 is trivial. The alternating homology for D” and D4 is easy 
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calculable as the set D3 is the S3 orbit of 4 points and D” is the S, orbit of a single 
point. Thus the E’ terms of the spectral sequence look like the following. 
The only nontrivial 
collapses at E’. 
We can see that 
0 
0 z? z 
N D’(f) D”(f) D’(.f) 
differential is the one arising from DJ to D’ and the sequence 
t T(j) = 6. 
But R is homotopically equivalent to a wedge of four 2-spheres and hence has 
x(f(n-)) = 5. Thus this last example shows that replacing the assumption that the map is 
topologically stable with the assumption that the singularities of the image of are locally 
homeomorphic to transverse crossings or cross caps, the conclusion of Theorem 1.1 is 
false. 
5. Applications 
We shall now prove more specific results than in [ 1 I]. 
5. I. Betti numbers 
Let b,(X) denote the 7:th Betti number of the topological space X. 
Theorem 5.1. Let f be innocuous map with AT connected. Then 
(i) bz(f(N)) - bi (f(N)) = bz(N) - bi (AV) ~ I + B + T, 
(ii) o,(K) - hi(N) - I + B + T < b?(f(N)) < bz(-V) + LL: + Lr + B +-T, 
(iii) bi (A-) + I - .0 - T < b, (f(N)) 6 Lcr + LT + bl (-V) -t I. 
Proof. 
(i) Follows from Corollary 3.2. 
(ii) The first inequality follows from (i). The second is true because 
bz(j(N)) < rank(E& 53 El,, 9 E,‘,,). 
(iii) Obviously 
rank(EA., & E!,,,) - rank(El,, r’E Ej,,) 6 hi (f(-V)) 
bl (N) + 1 + Lr,’ + LT - (L[: + LT + B + T) < b,(f(n:)) 
b,(N) + I - B - T < b, (f(X)). 
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TO prove the second inequality we use (i) and (ii). 
b2(f(N)) < b2(N) + -hJ + LT + B + T 
b2(f(N)) - h (f(N)) < 62(N) + -hJ + &‘- + B + T - b, (f(N)) 
b2(N) - h(N) - I+ B + T < 02(N) + &J + LT + B + T - b, (f(N)) 
bl (f(N)) 6 L[J + LT + bl (N) + 1. q 
Of course, accurate calculation of Betti numbers and torsion for a particular example 
is generally possible by examination of the spectral sequence in the manner of Exam- 
ples 4.10, etc. 
Theorem 1.2 of [I I] on the number of connected components of the complement 
of the image of a topologically stable map f : N2 + P3 where Hi (P; Z2) = 0 is 
also generalized as a corollary of this theorem. For instance they assume that all self- 
intersections end in cross caps or that C(f) = T(f) = 0. The main idea is that to 
calculate the number of connected components of the complement we have to look at 
bz(f(N)) over &-coefficients, which we can do using the ICSS. 
5.2. The tangent developable of a space curve 
Izumiya and Marar apply their results to wavefronts of Legendrian surfaces, to dis- 
criminants of stable maps from closed 3-manifolds to 3-manifolds and to the tangent 
developable of a space curve. We shall concentrate on the latter but we can use our 
results to generalize the results in [ 1 I] for the former. 
For a space curve y : 5” + IL@ the tangent developable is the image of the map 
f: S’ x lR + IR” defined by f(~, s) = y(z) + ST’(Z). 
The tangent developable is in general singular along the image of the curve y(S’) 
embedded in the surface. Locally at points of the curve the surface looks like a cuspidal 
edge. 
In [ 131 Mond gives an interesting result on the tangent developable of a space curve at 
a point z of zero torsion and nonvanishing curvature. This states that if the order of the 
vanishing of torsion is even then i is locally a topological embedding at f(~, 0) E ll@ 
and if it is odd then there is a line of self-intersection, terminating in a cross cap. He 
also shows that if a space curve has a nondegenerate vanishing of curvature then we 
essentially have the coalescing of two cross caps that are not directly joined by a line of 
intersection. In the double point space this can be viewed as the joining of two reflecting 
curves at a point of the diagonal. This singularity is topologically equivalent to a K 
codimension 1 singularity given earlier. 
Now we can proceed in two different ways. We can study the image as it is or 
compactify. We choose the latter as it makes the statements of the results simpler. Hence, 
as in [14] we take IR* = IR U {cm} the extended real line to get a map 
f:S’ xrR* --tP3. 
The homology of the domain is that of a torus. Let the image of f be denoted by X. 
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The singularities of a generic curve are described in [ 1 l] and [ 141. A pyramid is 
formed where the tangent lines from three distinct points meet at a point not on the 
curve. This situation gives rise to a transverse triple point in the tangent developable. 
By locally perturbing the curve we can ensure that nothing worse than a triple point is 
formed by transverse crossings, and we can ensure that the triples do not occur at infinity. 
The argument for this is standard, see for instance [ 141. 
The following theorem is proved in 1111. 
Theorem 5.2. Suppose y is a generic curve. Then 
y(X) = y +T(p). 
where C(y) is the number of torsion cero points and T(1) is the number of pyramids. 
Now we shall weaken the assumptions. Assume that the curve is such that the curvature 
has at worst nondegenerate vanishing, and let K(f) be the number of points of vanishing 
curvature. Assume that at a pyramid point we do not have points of zero torsion or 
vanishing of curvature. In the image for the former this would mean the coalescing of 
a cross cap and two planes; by perturbing the curve at the simple points we move the 
pyramid to get a transverse triple point. Let t(y) be the set of zero torsion points on 
~(5”) and let T(X) be the order of the vanishing of the torsion at L E t(r). As cross 
caps occur when the r is even we find that the number of cross caps is 
1 - (-I)‘(.‘) 
Nf) = c * . 
.&f(y) 
For such a general curve 7 the map f will have innocuous singularities. 
Lemma 5.3. The E’ terms of’ the spectral sequence ,for ,f : S’ x JR* ---f IF’” arising from 
such a curve looks like the following. 
Proof. For general enough y the map f has innocuous singularities with I(f) = 0 and 
B(f) = C(f)/2 + K(f). (Th e number B is the number of circles in D2. Each circle 
is formed by two l-cells and hence 4B is the number of end points. At each cross cap 
point two ends enter, at a K point four ends enter. So 4B = 2C + 4K.) We apply 
Theorem 4.8. 0 
Theorem 5.4. Let y be a curve with at worst nondegenerate vanishing of curvature, no 
points of zero torsion or zero curvature at pyramid points and no transverse crossings 
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worse than triple points in the tangent developable. For the tangent developable of such 
a curve y we have 
x(X) =C/2+K+T. 
C/2+K+T- 1 <b2(X) < 1+Lu+LT+C/2+K+T 
and 
Proof. The first fact follows from the lemma or Theorem 3.6. The second and third 
follow from Theorem 5.1. 0 
It is also obvious from the sequence that b?(X) > 0. These results could be improved 
if we knew more about the differentials and Lci (f) + LT(f). 
Example 5.5. Suppose that 5 and y are points of nonvanishing torsion on the curve such 
that y(x) = y(w) and the tangent lines at :x and 9 coincide. (Such situations are not generic 
as we can remove them via a perturbation of the curve.) Then ~(LT. Fry) = f(y, y,,,r) 
where T,? is the projectivised tangent space to the image of y at L. This curve of 
self-intersection forms an ordinary loop in X, contributing to LT or Lc~. 
The map Z c El,,(f) - + Ed,, (f) = Z $ Z is trivial if the tangent vectors at I(: and 1~ 
point in the same direction and is multiplication by two in the set (CL, CJ) E Z cs Z for all 
a, if they point in different directions. Thus such situations contribute a homology class 
to Hz(X; Z), and if the loops have no triple points on them then they contribute a class 
to H, (X; Z). 
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